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Photon-photon interactions can be a source of CMB circular polarization
R. F. Sawyer1
1Department of Physics, University of California at Santa Barbara, Santa Barbara, California 93106
Photon-photon interactions, as described with the standard Heisenberg-Euler interaction, can
transform plane polarization of the CMB into circular polarization, in the period right after last
scattering. We estimate the distribution of the resulting circular polarization parameters, as con-
strained by confining observations to very small angular regions of large plane polarization, and find
results of the order of 10−9 for the Stokes parameter V in some of these regions.
1. INTRODUCTION
Plane polarization of the cosmic background radia-
tion (CMB) is induced by Compton scattering in an
anisotropic photon bath [1] during the recombination pe-
riod [2] [3] at a temperature ≈ .25 eV. But Compton
scattering by itself cannot induce circular polarization.
Therefore the potential for the detection of a tiny amount
of circular polarization, should it exist, might provide
evidence for some non-standard ingredients in the early
universe. For example it can result from anomalously
large magnetic fields in the plasma prior to recombina-
tion [4],[5], or from the use of an exotic metric. It might
result from photon-axion mixing effects during the course
of propagation from the big-bang to the earth [6] or from
beyond-the-standard model effects [7]- [9]. It might also
result from the propagation through magnetized plasmas
in galactic clusters [10]
Photon-photon interactions over a short period imme-
diately after recombination provide an alternative mech-
anism by which circular polarization of photons can be
produced starting from plane polarization, even in the
absence of magnetic fields or exotic physics. Beginning
from the vacuum photon-photon interaction coming from
the term of order e4 in the one-loop effective Lagrangian
from QED (Heisenberg-Euler interaction)[11],
LH−E =
∫
d3x
2α2
45m4e
[(E2 −B2)2 + 7(E ·B)2] (1)
where me is the electron mass, α is the fine structure
constant and we use units h¯ = c = kB = 1, Kotkin
and Serbo [12] showed that a polarized “test” photon
transiting a polarized laser beam can undergo changes of
its own polarization, through the interaction (1), at a rate
that is many, many of orders of magnitude faster than the
rate of photon-photon scattering based on (1) (see also
[13]). This stems from the polarization-dependent index
of refraction induced by the laser beam in its interior.
Coherence of the light, in the laser sense, is not required
to obtain these effects. The coherence that is exploited
is that of completely forward interactions, that is, with
no momentum transfer between the “test” photon and
those of the surrounding bath. The “test” photon picks
up its polarization-change amplitude little by little from
encounters with countless beam photons, and the changes
add up coherently. In the application of this paper this
takes place in a distance of order 50 megaparsecs, which
is why what one might have guessed to be an negligible
effect can be appreciable.
In the early universe we have nearly thermal ensem-
bles of photons, but with anisotropy that comes from the
density perturbations, and angle-dependent linear polar-
ization that arises from Compton scattering within the
anisotropic distributions. We focus here on the period
immediately after the last photon scattering (i.e. at and
after “recombination”), and exclusively on the develop-
ment of some circular polarization.
2. OUTLINE OF THE CALCULATION
We follow the standard parameterization [1] of the po-
larization density matrix P for the “beam photon” that
we propose to observe. We take this photon to move
with momentum q in the zˆ direction, with basis vectors
for polarization given by (~ξ1 = xˆ, ~ξ2 = yˆ) and define the
Stokes parameters Q,U, V, by,
P =
1
2
[σ0 +Qσ3 + Uσ1 + V σ2] , (2)
where σi are Pauli matrices in the space with basis ~ξ1, ~ξ2,
augmented with the identity matrix σ0.
Now we want to consider the interactions of the polar-
ization of this photon with those of the entire assemblage
of photons in the region in which it was born, which we
refer to as “the cloud”. A photon in the cloud, moving
in the θ, φ direction, is taken to have the density matrix
in polarization space,
P ′ =
1
2
[b0(θ, φ)τ0 + q(θ, φ)τ3 + u(θ, φ)τ1 + v(θ, φ)τ2] ,(3)
where the τ ’s are Pauli matrices acting on the polariza-
tion states of the cloud photon, in a basis now chosen
as,
~η1 = [xˆ cosφ+ yˆ sinφ] cos θ − zˆ sin θ,
~η2 = −xˆ sinφ+ yˆ cosφ . (4)
There are four steps to what follows:
2a). Taking all 16 matrix elements of LH−E of (1) be-
tween initial photon polarizations ξ, η and final polariza-
tions ξ′, η′ for the dead-forward kinematics γq1 + γq2 →
γq1 +γq2 ; then expressing the result as a bilinear form in
the matrices, σi, τi. Since for our kinematics no photon
changes its energy, the resulting form serves as the com-
plete effective Hamiltonian, Heff , for the transformation
process. b). Determining the initial polarization den-
sity matrices, P for the beam photon and P ′(θ, φ) for
the cloud photons. These are set by the final Compton
scatterings of an anisotropic photon distribution with a
prescribed set of modes indexed by wavenumber kˆ, with
intensities dk. c). Integrating the evolution equation,
beginning at the last scattering time, to get V , the cir-
cular polarization parameter for the beam photon, tak-
ing into account both the progressive weakening of Heff
from expansion of the universe, and the environmental
change for the beam photon due to the finite wavelength
of the acoustic perturbations of the cloud. d). Getting
from standard sources the variances of the elements from
which V was constructed in c) ; then constructing the
variance of V .
3. EVOLUTION EQUATION.
From direct evaluation of the matrix elements of (1) for
interaction of a beam photon with a single cloud photon
we obtain the polarization dependent part of the effective
Hamiltonian,
Heffq1,q2 = [vol.]
−1W
i,j=3∑
i,j=0
hi,j(q1, q2, θ, φ)σiτj , (5)
where
W =
2α2ω1ω2
9m4e
. (6)
The non-vanishing elements of hi,j in (5) are,
h3,3 = −h1,1 = cos(2φ)(1 − cos θ)
2 ,
h3,1 = h1,3 = sin(2φ)(1 − cos θ)
2 ,
h2,2 = (1− cos θ)
2 . (7)
To get the approximate Heff for the interaction of the
beam photon with the cloud, we integrate over a thermal
distribution for the cloud, |~q2|, but keep a multiplicative
angular dependence. The factor of vol.−1 in (5) is then
replaced by the photon density, nγ . Defining 〈τj〉 as the
cloud expectation values of the operators introduced in
(3), 〈τ3〉 = q(θ, φ), 〈τ1〉 = u(θ, φ), we obtain from (5) an
eff for the polarization evolution of the beam,
Heff(t) = w(t)
3∑
i=0
σici , (8)
where,
ci =
∫
dΩ
3∑
j=0
hi,j(θ, φ) 〈τj〉 , (9)
and,
w(t) = 2.1× 10−4
(ω1
ω∗1
)(a(t∗)
a(t)
)
ΓC(t) . (10)
Here a(t) is the scale factor, t∗ the time at last scatter-
ing, and ΓC(t) = 8ne(t)πα
2m−2e /3 is what the Compton
scattering rate would have been, had there always been
total ionization of the medium, i.e. no recombination.
In calculating the numerical coefficient in (10), we used
nγ/ne = 2 × 10
9. ΓC serves here only as a convenient
unit of rate. The factor a(t∗)/a(t) in (10) gives the effect
of the red-shift on a cloud photon’s energy after last scat-
tering. The thermal average of ω2 at last scattering has
been absorbed in the coefficient in (10). We normalized
ω1 with its thermal average at last scattering, ω
∗
1 , since
this will be the same ratio as will be observed on earth.
Once the factor 〈τj〉(θ, φ) is known, and the angu-
lar integrals performed, the effective interaction Heff
acts in the polarization space of the beam photon as
Heff = (c1σ1 + c3σ3) and the Heisenberg equation,
dP/dt = −i[P,Heff ] for evolution of the circular polar-
ization V is simply,
1
2
dV
dt
= (c1Q− c3U)w(t) (11)
4. INITIAL CONDITIONS.
Turning to the calculation of c1, c3 we first need the de-
pendence of the cloud polarization on photon direction.
Beginning from the perturbation of the photon distribu-
tion in a direction nˆ′, with angular coordinates Ω′, pro-
duced by an assemblage of sound waves in directions {kˆ},
and then calculating the polarization density matrix, ρi,j
subsequent to a Compton scattering, we express the re-
sult in terms of the η basis of (4), obtaining,
ρi,j(Ω) =
∫
dΩ′ δf(Ω′)
×
[
~ηi(Ω) ·
∑
m=1,2 ~ηm(Ω
′) ~ηm(Ω
′) · ~ηj(Ω)
]
, (12)
where δf(Ω′) describes quadrupole photon density per-
turbations with wave numbers {k}. We take,
δf(Ω′) =
∑
{k}
15
16
dk(nˆ · kˆ)
2 , (13)
where we have dropped some spherically symmetric con-
tributions of the modes, and normalization is arbitrary.
3Then Heff(t) of (8) is constructed using,
〈τ3(θ, φ)〉 = (ρ1,1 − ρ2,2)/2
=
1
2
∑
k
dk sin
2 θk(1 + cos
2 θ ) cos[2(φ− φk)] , (14)
and
〈τ1(θ, φ)〉 = (ρ1,2 + ρ2,1)/2
=
∑
k
dk sin
2 θk cos θ sin[2(φ− φk)] . (15)
In (14) and (15) we set θ = 0, φ = 0 to determine Q and
U , as induced by the perturbation (13),
Q =
∑
k
dk sin
2 θk cos 2φk ,
U = −
∑
k
dk sin
2 θk sin 2φk . (16)
From (15), (14)and (9) we have,
c1(t∗) =
9w(t∗)
8
U , c3(t∗) =
9πw(t∗)
8
Q , (17)
for every configuration {k}. Here t∗ is the time at recom-
bination, defined as the temperature at which the “vis-
ibility function” peaks. Now substituting (16) and (17)
into (11) we find dV/dt = 0, at the time, t∗ of last scatter-
ing. But the relations (17) hold only at the recombination
time, and will change during subsequent free-streaming.
5. INTEGRATION
Q and U for the beam photons are nearly frozen in
time after the last scattering, as are the polarizations of
individual photons in the cloud as well. But c1(t) and
c3(t), relating to the polarizations of the cloud evalu-
ated at the position of the beam photon, change over a
short time region after t∗ as the photon passes through
the cloud.1 Thus, although the rate of V generation van-
ishes at recombination (idealized as instantaneous) and is
small immediately afterwards, over a period of time the
parameters c1(t), c3(t) become disconnected from their
values at t = t∗, as the beam photons move through the
cloud. Clearly the perturbations of the cloud, evaluated
at the position of the beam, which are of larger k will
change over a shorter time scale than those of smaller k.
This allows some V to develop in the time period after
t∗.
To make a rough estimate of the amount of V that
can be accrued, we begin with two questions: a) How
1 The cloud is time dependent on its own, but that matters less
since the acoustic wave velocity < 3−1/2c.
much time is available before the expansion of the uni-
verse reduces the rates to the point of irrelevance? b)
What is the minimum accoustical mode wave number k
over which {q, u} can decouple from {Q,U} soon enough
to produce significant V ?
Beginning with question a), we choose the orientation
of the x, y axes for a particular configuration of fluctu-
ations such that Q 6= 0, U = 0 for the beam. We also
shift from time to scale factor, ξ = a/a∗, as the inte-
gration variable, where a∗ ≈ .001 is the scale factor at
recombination. From (11)we obtain,
V = 2Q
∫ ∞
t∗
dtw(t)c1(t)
≈
226Qw(t∗)
ΓC(t∗)
[ ∫ ξ1
1
+
∫ ∞
ξ1
]
dξ ξ−7/2c1(ξ) . (18)
where we used dt = dξ(ξH)−1 and H is the Hubble rate
at time t. In (10) we substituted ΓC ≈ 113(ξ)
−3/2H (ref.
[14] eq. 3.46).
Note that c1 is not damped by pure expansion, since
it is generically the ratio of a density to a density. But
it is constrained by the requirement that c1(1) = 0, by
virtue of (17) with U = 0. Our crude approach will be
to take c1(ξ < ξ1) = 0 in an initial time period and
c1(ξ > ξ1) = const.; in the latter region unconstrained
by a connection to the beam polarization.
To address the value of c1 in the second region, we
turn to question b), beginning from the fact that in the
free-streaming era the generic time dependence of a mode
(k, ℓ) is as jℓ[k(η−η∗)] where η is the conformal time and
η∗ is its value at recombination. The peak contribution
from an acoustic mode of wave-number k to the present,
η = η0, sky comes when ℓ = k(η0 − η∗), with η0 ≈ 32η∗.
This gives k ≈ ℓ/(32η∗).
Choosing instead a small scale factor change after t∗
corresponding to ξ− 1 = δξ, we use δη/η∗ = (1/2)δξ and
again look for the peak contribution from jℓ[k(η − η∗)].
Phase randomization at k δη ≈ 1 coming from the argu-
ment of jℓ then sets in at a value ℓmin ≈ 64/(ξ1− 1). We
now implement our two-region approach by setting the
first integral to zero, and in the second integral including
only the fluctuations with ℓ > ℓ0. We have checked this
method of estimation by replacing the division of scale ξ
into two regions with a subdivision into six regions, each
with different ℓmin’s as determined by the above construc-
tion. The results are roughly the same as we obtain for
the two region case provided that for the latter case we
choose ξ1 = 1.25 for the division point in (18), giving
ℓmin ≈ 256.
6. DISTRIBUTION FUNCTIONS
The program from here on is to determine the vari-
ance of c1(ξ), as generated by the random fluctuations
4in the distributions of polarization densities at t∗, to be
determined by polarization measurements for ℓ > 256 on
the present sky, or theoretically from assumed primor-
dial fluctuation spectra. The standard deviation of V
then is calculated using (17), (10) and (retaining only
the second ξ integral) eq. (18), where, 〈uu〉ℓ>256 is the
variance of the polarization at one angle as determined
in the usual way from the partial wave variances indexed
with ℓ except for the deletion of modes with ℓ < 256.
〈V V 〉1/2 ≈ .047(Q2 + U2)1/2
×[〈uu〉ℓ>256 + 〈qq〉ℓ>256]
1/2 . (19)
Here we are now adopting a fixed choice for the x, y axis
orientation, rather than choosing it such that U = 0.
The factor (Q2+U2)1/2 is the beam’s plane polarization
which is to be directly observed; and the final factor,
which remains to be computed, is the standard deviation
of the cloud’s polarization.
As input data we shall use the present theoretical [15]
plus observational [16] results for 〈q2ℓ 〉 + 〈u
2
ℓ〉 = 2〈u
2
ℓ〉,
rather than going back to the basic power spectra derived
from inflationary models. The literature quotes results
on these polarization fluctuations in terms of effective
temperature changes ∆Tℓ. However, in (19), they are
defined as (polarization number density)/(background
number density). The conversion mechanics is simply
to replace ◦µK in all results by (3/2.78)× 10−6
From the WMAP results we then find
〈qℓqℓ〉+ 〈uℓuℓ〉 ≈ ×.06× 10
−6πℓ−1 , (20)
after smoothing out oscillations, between ℓ = 100 and
ℓ = 1000 or so, after which 〈qℓqℓ〉 levels off and then
starts to decrease with increasing ℓ.
Inverting the expansion in spherical harmonics we
have,
〈[q(θ, φ)q(θ′, φ′) + u(θ, φ)u(θ′, φ′)]〉 =∑
ℓ,m
∑
ℓ′,m′
〈[
q(ℓ,m)q(ℓ
′,m′) + u(ℓ,m)u(ℓ
′,m′)
]〉
×Yℓ,m(θ, φ)Yℓ′,−m′(θ
′, φ′) . (21)
The correlation function in (21) vanishes except when
(ℓ,m) = (ℓ′m′). Taking the limit in which θ, φ, θ′, φ′ all
approach zero we get,
〈[qq + uu]〉ℓ>256 =
∑
ℓ>256,|m|≤ℓ〈[qℓqℓ + uℓuℓ]〉
×Yℓ,m(0, 0)Yℓ,−m(0, 0) ≈ 4.0× 10
−10 , (22)
where in performing the sum in the last line we took,
〈[qℓqℓ + uℓuℓ]〉 ≈ .07πℓ
−1 exp(−ℓ/1000)× 10−12,
(23)
now in dimensionless units. in accord with the above
remarks. From (22) and (19) we then obtain the standard
deviation of V , σV
σV = .11× 10
−5(Q2 + U2)1/2 (24)
Then if a cut is made to select only those regions in
which (Q2+U2)1/2 > 2×10−5, which should be plentiful,
one time in twenty we would find V > 5 × 10−10 Given
this standard deviation we would expect to find V > .6×
10−10 around 5% of the time. The degree of polarization
also can also be enhanced by looking only at the highest
band of photon energies, in view of the proportionality of
the fundamental rate (10) to ω1 (which earlier had been
replaced by a thermal average). This could get us into
the range of V ≈ 2× 10−9.
7. DISCUSSION
There are distinctive features of the V signal that is
produced by the mechanism. The proportionality to pho-
ton energy is one that can be tested, in principle, in mea-
surements on a single spot in the sky. This could provide
a way of distinguishing the mechanism from others, e.g.
one based on linear into circular transformation in a mag-
netized plasma living inside a galactic cluster along the
transit path [10], or one in which the magnetized plasma
is taken to exist before and at the time of recombination
[4].
We have not attempted calculation of the effects of
our mechanism in the case of tensor perturbations. In the
presence of photon-photon interactions they may be more
efficient at producing V than are scalar perturbations,
for cases in which amplitudes are comparable. Indeed if
the numbers reported in the recently published Bicep2
results [17] are sustained, tensor perturbations could be
the dominant contributor to circular polarization.
Our use of the basic interaction (1) was perturbative,
in the sense that the quantity V remains very small,
and had insignificant back-reaction at later times through
the evolution equations on the quantities Q,U that were
specified in the initial condition. In some other astro-
physical venues in which basic interaction (1) can be ex-
pected to play a role, for example in the core of γ-ray
bursts, the back reactions will matter. The effective in-
teraction for polarization exchange will still be given by
(5). In this connection, we note the close correspondence
of the formalism used here with that used in predicting
effects of the neutral current ν−ν interaction on the neu-
trino flavor evolution near the core of the supernova [18].
In the latter problem there is a large literature devoted
to sudden flavor transformations due to the non-linear
equations [19]. We might expect the same with respect
to photon polarizations in, e.g., gamma ray burst analy-
sis.
To summarize: we have calculated some ingredients
for a respectable calculation of the variance of V . Up
5through eq. (17) our results are authoritative, but the
estimates that follow are very crude. The numbers per-
haps justify a more complete approach. While our results
are orders of magnitude smaller than presently planned
observations could detect [20], we hope that they might
encourage the development of observational technology
that could make detection possible.
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